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A UNIFORM BIRKHOFF THEOREM
FRIEDRICH MARTIN SCHNEIDER
Abstract. Garret Birkhoff’s HSP theorem characterizes the classes of models of algeb-
raic theories as those being closed with respect to homomorphic images, subalgebras, and
products. In particular, it implies that an algebra B satisfies all equations that hold in an
algebra A of the same type if and only if B is a homomorphic image of a subalgebra of a
(possibly infinite) direct power of A. The former statement is equivalent to the existence of
a natural map sending term functions of the algebra A to those of B, and it is natural to
wonder about continuity properties of this mapping. We show that this map is uniformly
continuous if and only if every finitely generated subalgebra of B is a homomorphic image
of a subalgebra of a finite power of A – without any additional assumptions concerning the
algebras A and B. Moreover, provided that A is almost locally finite (for instance if A is
locally oligomorphic or locally finite), the considered map is uniformly continuous if and only
if it is Cauchy-continuous. In particular, our results extend a recent theorem by Bodirsky
and Pinsker beyond the countable ω-categorical setting.
1. Introduction
Garrett Birkhoff’s HSP theorem [Bir35] ranges among the most fundamental results in
algebra and has evoked a tremendous body of theory. It states that a class of algebras of
the same is the class of all models of an algebraic theory if and only if it is closed with
respect to homomorphic images, subalgebras, and products. In particular, an algebra B is a
model of the algebraic theory generated by an algebra A of the same type, i.e., B satisfies
all equations that hold in A, if and only if B is a homomorphic image of a subalgebra of
a (possibly infinite) direct power of A. Of course, this provides a constructive method for
studying algebraic theories and hence constitutes a useful source of counterexamples. For a
more elaborate account on classical applications of Birkhoff’s theorem we refer to [BS81].
The present paper’s purpose is to prove a topological variant of Birkhoff’s theorem. For
this to make sense, we need to view Birkhoff’s theorem from a slightly different perspective,
which is due to [BP15]. To explain this, let Σ = (Σn)n∈N be a signature, that is, a sequence
of disjoint sets. Given any set X of variables, we denote by TΣ(X) the set of Σ-terms over
X, i.e., the smallest set T subject to the following conditions:
— X ⊆ T .
— σt1 . . . tn ∈ T for all n ∈ N, σ ∈ Σn and t1, . . . , tn ∈ T .
Suppose A to be an algebra of type Σ, that is, a pair consisting of a set A and a family of
functions σA : An → A for σ ∈ Σn, n ∈ N. Furthermore, let (xn | n ≥ 1) be a sequence of
pairwise distinct variables. For each n ≥ 1, we put Xn := {x1, . . . , xn} and define a map
νAn : TΣ(Xn)→ A
An
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by recursive term evaluation as follows: if a ∈ An, then νAn (xi)(a) := ai for all i ≤ n, and
νAn (σt1 . . . tn)(a) := σ
A
(
νAn (t1)(a), . . . , ν
A
n (tn)(a)
)
for σ ∈ Σn and t1, . . . , tn ∈ TΣ(Xn). We shall denote the image of ν
A
n by Cn(A). The clone
of the algebra A is the set
C (A) =
⋃
n≥1
Cn(A),
i.e., the set of all finitary operations on A arising from term evaluation with respect to A.
Evidently, by jointly extending the maps
(
νAn
∣∣n ≥ 1) to the direct sum (a.k.a coproduct) we
obtain a surjective mapping
νA :
∐
n≥1
TΣ(Xn)→ C (A), (n, t) 7→ ν
A
n (t).
Furthermore, we need to recall some terminology and notation concerning varieties. Given a
class V of algebras of the same type, we denote by P(V) the class of all products of algebras
from V, by S(V) the class of all subalgebras of members of V, and by H(V) the class of all
homomorphic images of algebras from V. A class V of algebras being closed with respect to
the formation of homomorphic images, subalgebras, and arbitrary products is called variety.
It is easy to see that HSP(V) is the smallest variety containing a given class V of algebras.
Birkhoff’s theorem [Bir35] implies that an algebra B belongs to the variety generated by an
algebra A of the same type if and only if B satisfies all identities (over the common signature)
that hold in A. Utilizing the notation introduced above, we can restate this as follows.
Theorem 1.1 (Birkhoff). Let A and B be two algebras of the same type. Then B ∈ HSP(A)
if and only if νB factors through νA, i.e., there exists a (necessarily unique and surjective)
mapping ϕ : C (A)→ C (B) such that νB = ϕ ◦ νA.
Concerning algebras A and B where B ∈ HSP(A), the unique mapping ϕ : C (A)→ C (B)
whose existence is asserted by Birkhoff’s theorem is called the natural homomorphism from
C (A) onto C (B). This is due to the fact that ϕ preserves the arity of every function, sends
projection maps to the corresponding projections onto the same coordinate, and satisfies
ϕ(f(g1, . . . , gn)) = ϕ(f)(ϕ(g1), . . . , ϕ(gn))
for any f ∈ Cn(A) and all g1, . . . , gn ∈ Cm(A) where m,n ≥ 1.
In the present paper we shall be concerned with the uniform continuity of natural clone
homomorphisms. For this purpose, we need to endow the clone of an algebra with a particular
uniform structure. The uniformity under consideration arises in a natural manner as the
uniformity of point-wise convergence. We provide a Birkhoff-type characterization of all
those members B of the variety HSP(A) generated by a given algebra A, for which the
natural homomorphism from C (A) to C (B) is uniformly continuous (Theorem 3.3 and also
Corollary 3.4). This result holds in full generality, i.e., it does not depend on any additional
assumptions about the algebras A and B. Moreover, we show that under the hypothesis of A
being almost locally finite (Definition 5.1) the considered natural homomorphism is uniformly
continuous if and only if it is Cauchy-continuous (Lemma 5.8), which immediately yields a
Cauchy-continuous version of Birkhoff’s theorem (Theorem 5.9). Since the class of almost
locally finite algebras encompasses all locally oligomorphic algebras (as well as all locally finite
algebras), our results particularly imply a recent theorem by Bodirsky and Pinsker [BP15].
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This paper is organized as follows: in Section 2 we recall some prerequisites concerning
uniform spaces, in Section 3 we prove the above-mentioned uniformly continuous version
of Birkhoff’s HSP theorem, and in Section 4 we establish some general results regarding
compactness properties for a uniformly equicontinuous group actions on uniform spaces, which
we then apply to almost locally finite algebras in Section 5.
2. Uniform spaces
In this preliminary section we provide some basic concepts concerning uniform spaces. For
further reading we refer to [Bou66a; Bou66b; Jam87]. A uniformity on a set X is a filter U
on the set X ×X satisfying the following conditions:
— Every member of U contains the diagonal ∆X = {(x, x) | x ∈ X}.
— If α is a member of U , then so is α−1 = {(y, x) | (x, y) ∈ α}.
— For every α ∈ U , there exists some β ∈ U such that α contains
β ◦ β = {(x, y) ∈ X ×X | ∃z ∈ X : {(x, z), (z, y)} ⊆ β}.
By a uniformity base on X we mean a filter base on X ×X the filter generated by which is
a uniformity on X. We refer to the power set of X ×X as the discrete uniformity on X. A
uniform space is a non-empty set X equipped with a uniformity on X, whose elements are
called the entourages of X. For a uniform space X, the induced topology on X is defined as
follows: a subset S ⊆ X is open in X if for every x ∈ S there exists an entourage α of X
such that Bα(x) := {y ∈ X | (x, y) ∈ α} is contained in S. As usual, the uniform space X
is called precompact if for every entourage α of X there is a finite subset F ⊆ X such that
X = Bα(F ) :=
⋃
{Bα(x) | x ∈ F}. Recall that Cauchy filter on X is a filter F on the set X
such that for every entourage of α of X there exists some F ∈ F such that F × F ⊆ α. The
uniform space X is called complete if every Cauchy filter on X is convergent with respect to
the induced topology. In order to also address some matters of continuity, let Y be another
uniform space. A map f : X → Y is called uniformly continuous if for every entourage α of Y
there exists some entourage β of X such that (f × f)(β) ⊆ α. More generally, a set F ⊆ Y X
is called uniformly equicontinuous if for every entourage α of Y there exists some entourage
β of X such that (f × f)(β) ⊆ α whenever f ∈ F . Furthermore, a map f : X → Y is called
Cauchy-continuous if the image filter
f(F) := {S ⊆ Y | ∃F ∈ F : f(F ) ⊆ S}
is a Cauchy filter on Y whenever F is a Cauchy filter on X. It is straightforward to check that
uniform continuity implies Cauchy-continuity, which in turn implies continuity with regard
to the respective topologies.
Let us recall some standard constructions for uniform spaces. Given a uniform space X
and any subset S ⊆ X, we equip S with the corresponding subspace uniformity
{α ∩ (S × S) | α entourage of X},
and we observe that, concerning any other uniform space Y , a map f : Y → S is uniformly
continuous if and only if Y → X, y 7→ f(x) is uniformly continuous. Now, let (Xi | i ∈ I) be
any family of uniform spaces. We endow
∏
i∈I Xi with the product uniformity, i.e., the least
uniformity on
∏
i∈I Xi containing the sets{
(x, y) ∈
∏
i∈I
Xi ×
∏
i∈I
Xi
∣∣∣∣∣ (xj , yj) ∈ α
}
(α entourage of Xj , j ∈ I),
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or equivalently, the least uniformity on
∏
i∈I Xi so that the map pri :
∏
i∈I Xi → Xj , x 7→ xj
is uniformly continuous for every j ∈ I. Concerning another uniform space Y , it follows that
a map f : Y →
∏
i∈I Xi is uniformly continuous if and only if Y → Xj , y 7→ f(y)j is uniformly
continuous for any j ∈ I. Dually, let us equip the direct sum
∐
i∈I Xi = {(i, x) | i ∈ I, x ∈ Xi}
with the usual coproduct uniformity, i.e.,{
α ⊆
∐
i∈I
Xi ×
∐
i∈I
Xi
∣∣∣∣∣∀j ∈ I : {(x, y) ∈ Xj | ((j, x), (j, y)) ∈ α} is an entrge. of Xj
}
,
which is just the largest uniformity on
∐
i∈I Xi so that the injection Xj →
∐
i∈I Xi, x 7→ (j, x)
is uniformly continuous for every j ∈ I. Considering another uniform space Y , it is easy to
see that any map f : Y →
∏
i∈I Xi is uniformly continuous if and only if Xj → Y, x 7→ f(j, x)
is uniformly continuous for every j ∈ I. Let us make a remark concerning completeness in
this context: the product as well as the coproduct of any family of complete uniform spaces
is complete. Furthermore, completeness is inherited by closed uniform subspaces.
We conclude this section with a construction concerning non-Hausdorff uniform spaces. In
fact, there is a standard procedure for uniform spaces to overcome a lack of the Hausdorff
property: if X is a uniform space, then one may consider the equivalence relation
∼ :=
⋂
{α | α entourage of X}
and endow the quotient X∗ := X/∼ with the uniformity generated by the sets of the form
α∗ := {(P,Q) ∈ X∗ ×X∗ |P ×Q ⊆ α} = {(P,Q) ∈ X∗ ×X∗ | (P ×Q) ∩ α 6= ∅}
where α is any entourage of X. The resulting uniform space X∗ is a Hausdorff space and
therefore called the Hausdorff quotient of X. It is easy to see that every uniformly continuous
map from X to a Hausdorff uniform space factors via a uniformly continuous map through the
uniformly continuous map π∗ : X → X∗, x 7→ [x]∼. Furthermore, notice that π
−1
∗ (π∗(U)) = U
for every open subset U ⊆ X. In particular, π∗ is open.
Lemma 2.1. Every uniform space containing a dense compact subset is compact.
Proof. Let X be any uniform space and let S be a dense compact subset of X. Consider
any open covering U on X. Since π∗ is open, π∗(U) is an open covering of X∗. Moreover,
π∗(S) is a dense compact subset of the Hausdorff space X∗, and therefore X∗ = π(S) is
compact. Hence, π∗(U) admits a finite subcover V. Consequently, π
−1
∗ (V) is a finite subcover
of U = π−1∗ (π∗(U)), which proves our claim. 
3. A uniform Birkhoff theorem
In this section we prove a uniformly continuous version of Birkhoff’s theorem. For this to
make sense, we need to endow the clone of an algebra with a particular uniform structure.
The uniformity under consideration arises in a point-wise manner. To explain this, let A
be an algebra. For each n ≥ 1, regarding the carrier set A as a discrete uniform space, we
equip AA
n
with the corresponding product uniformity and the subset Cn(A) with the induced
subspace uniformity. Finally, we endow the disjoint union
C (A) =
⋃
n≥1
Cn(A)
with the coproduct uniformity induced by the uniform spaces (Cn(A) | n ≥ 1). Of course,
this uniformity coincides with the subspace uniformity inherited from the coproduct of the
A UNIFORM BIRKHOFF THEOREM 5
uniform spaces
(
AA
n
∣∣n ≥ 1), each of which carries the corresponding product uniformity
mentioned above. Furthermore, we shall deal with the topological closure of C (A) with
respect to point-wise convergence. For each n ≥ 1, we denote by Cn(A) the closure of Cn(A)
in the topological space AA
n
and equip it with the subspace uniformity inherited from AA
n
.
Moreover, we endow the disjoint union
C (A) :=
⋃
n≥1
Cn(A)
with the coproduct uniformity induced by the uniform spaces
(
Cn(A)
∣∣ n ≥ 1). Evidently,
C (A) is precisely the closure of C (A) in the coproduct of the uniform spaces
(
AA
n
∣∣n ≥ 1),
and its uniform structure agrees with the respective subspace uniformity.
Lemma 3.1. Let A be an algebra and V a variety of algebras of the same type as A. Then
A is contained in V if and only if every finitely generated subalgebra of A is contained in V.
Proof. Denote by D the directed set of all finitely generated subalgebras of A. Clearly, if A
is contained in V, then so is any member of D. In order to prove the converse implication,
consider the subalgebra S of C :=
∏
B∈DB given on the subset
S := {s ∈ C | ∃B0 ∈ D∀B ∈ D : B0 ≤ B =⇒ sB0 = sB}.
Define a map h : S → A as follows: for each s ∈ S, let h(s) be the unique element of A with
∃B0 ∈ D ∀B ∈ D : B0 ≤ B =⇒ h(s) = sB.
It is straightforward to check that h : S → A is a surjective homomorphism. Hence, if D is
contained in V, then A is a member of V as well. 
Furthermore, we need to recall some terminology and notation concerning pseudo-varieties.
Given a class V of algebras of the same type, we denote by Pfin(V) the class of all finite products
of algebras from V. A pseudo-variety is a class V of algebras being closed with respect to
homomorphic images, subalgebras, and finite products. It is well known and easy to see that
the smallest variety containing a given class V of algebras is given by HSPfin(V).
Lemma 3.2. Let A and B be algebras of the same type. If every finitely generated subalgebra
of B is contained in HSPfin(A), then the natural homomorphism from C (A) to C (B) is
uniformly continuous.
Proof. Note that Lemma 3.1 asserts that B is a member of HSP(A). Consider the natural
homomorphism ϕ : C (A) → C (B), whose existence is due to Theorem 1.1. Our proof for
uniform continuity of ϕ proceeds by induction.
First assume that B ∈ Pfin(A). Then there is a finite set S such that B = AS . Let n ≥ 1.
Consider the entourage α := {(f, g) ∈ Cn(B) | f |F = g|F } in Cn(B) for some finite subset
F ⊆ Bn. Obviously, H := {bj(s) | b ∈ F, s ∈ S, 1 ≤ j ≤ n} is a finite subset of A, and thus
Hn is a finite subset of An. Hence, β := {(f, g) ∈ Cn(A) | f |Hn = g|Hn} is an entourage of
Cn(A). We argue that (ϕ× ϕ)(β) ⊆ α. To this end, let (f, g) ∈ β. If b ∈ F , then
ϕ(f)(b)(s) = f(b1(s), . . . , bn(s)) = g(b1(s), . . . , bn(s)) = ϕ(g)(b)(s)
for every s ∈ S, and thus ϕ(f)(b) = ϕ(g)(b). This shows that (ϕ(f), ϕ(g)) ∈ α. Accordingly,
ϕ is uniformly continuous.
Now suppose that B ∈ S(A). Let n ≥ 1. Consider a finite subset F ⊆ Bn and the
corresponding entourage α := {(f, g) ∈ Cn(B) | f |F = g|F } in Cn(B). Obviously, F is also
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a finite subset of A, and thus β := {(f, g) ∈ Cn(A) | f |F = g|F } is an entourage of Cn(A).
Evidently, (ϕ× ϕ)(β) ⊆ α. Hence, ϕ is uniformly continuous.
Next assume that B ∈ H(A). Then there exists a surjective homomorphism h : A → B.
Let n ≥ 1. Consider the entourage α := {(f, g) ∈ Cn(B) | f |F = g|F } in Cn(B) for some finite
subset F ⊆ Bn. Since the homomorphism h[n] : An → Bn, (a1, . . . , an) 7→ (h(a1), . . . , h(an))
is surjective as well, there exists a finite subset E ⊆ An such that h[n](E) = F . Of course,
β := {(f, g) ∈ Cn(A) | f |E = g|E} is an entourage of Cn(A). We show that (ϕ× ϕ)(β) ⊆ α.
For this purpose, let (f, g) ∈ β. If b ∈ F , then there exists a ∈ E with h[n](a) = b, and hence
ϕ(f)(b) = h(f(a)) = h(g(a)) = ϕ(g)(b). This shows that (ϕ(f), ϕ(g)) ∈ α. Consequently, ϕ
is uniformly continuous.
Note that the considerations above readily imply that the natural homomorphism from
C (B) onto C (A) is uniformly continuous if B ∈ HSPfin(A). Indeed, if B is a member of
HSPfin(A), then there exist a finite set S and a subalgebra C ≤ AS such that B ∈ H(C),
and hence the natural homomorphism from C (A) onto C (B) is the composite of the natural
homomorphism from C (A) onto C (AS), the one from C (AS) onto C (C), and the one from
C (C) onto C (B), and therefore it is uniformly continuous. We are going to use this conclusion
subsequently.
Finally, we prove the general claim. Suppose that every finitely generated subalgebra ofB is
contained in HSPfin(A). Let n ≥ 1. Consider the entourage α := {(f, g) ∈ Cn(B) | f |F = g|F }
in Cn(B) for some finite subset F ⊆ B
n. Then S := {bj | b ∈ F, 1 ≤ j ≤ n} is finite. Denote
by C the subalgebra of B generated by S. By assumption, C is contained in HSPfin(A).
Now, β := {(f, g) ∈ Cn(C) | f |F = g|F } is an entourage in Cn(C). Since the natural
homomorphism ψ : C (A)→ C (C) is uniformly continuous, there exists a finite subsetE ⊆ An
such that (ψ × ψ)(γ) ⊆ β with regard to the entourage γ := {(f, g) ∈ Cn(A) | f |E = g|E}
in Cn(A). We now claim that (ϕ × ϕ)(γ) ⊆ α. To see this, let (f, g) ∈ γ. If b ∈ F , then
ϕ(f)(b) = ψ(f)(b) = ψ(g)(b) = ϕ(g)(b). This proves that (ϕ(f), ϕ(g)) ∈ α. Hence, ϕ is
uniformly continuous, and we are done. 
Theorem 3.3. Let A and B be algebras of the same type. The following are equivalent.
(1) The algebra B is contained in HSP(A) and the natural homomorphism from C (A)
onto C (B) is uniformly continuous.
(2) Every finitely generated subalgebra of B belongs to HSPfin(A).
Proof. We know that (2) implies (1) by Lemma 3.1 and Lemma 3.2. In order to prove the
converse implication, assume that (1) holds. Let C be a subalgebra of B generated by a finite
sequence of elements b1, . . . , bn ∈ B. Consider the entourage
α := {(f, g) ∈ Cn(B) | f(b1, . . . , bn) = g(b1, . . . , bn)}
in Cn(A). Since the natural homomorphism ϕ : C (A)→ C (B) is uniformly continuous, there
exists a finite subset F ⊆ An such that (ϕ×ϕ)(β) ⊆ α for β := {(f, g) ∈ Cn(A) | f |F = g|F }.
For each j ∈ {1, . . . , n}, define an element dj ∈ A
F by setting dj(a) := aj for all a ∈ F .
Denote by D the subalgebra of AF generated by {d1, . . . , dn}. We observe that
D =
{
f(d1, . . . , dn)
∣∣ f ∈ Cn (AF )} = {(f(a))a∈F | f ∈ Cn(A)}.
Utilizing this fact, we define a map h : D → C by setting
h((f(a))a∈F ) := ϕ(f)(b1, . . . , bn) (f ∈ Cn(A)).
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Notice that h is well defined: if f, g ∈ Cn(A) such that (f(a))a∈F = (g(a))a∈F , then (f, g) ∈ β
and hence (ϕ(f), ϕ(g)) ∈ α, which means that ϕ(f)(b1, . . . , bn) = ϕ(g)(b1, . . . , bn). Evidently,
h is surjective as
C = {g(b1, . . . , bn) | g ∈ Cn(B)} = {ϕ(f)(b1, . . . , bn) | f ∈ Cn(A)} = h(D).
We are left to prove that h : D→ C is a homomorphism. To this end, let m ≥ 0, consider any
m-ary operational symbol σ of the common signature, and let c1, . . . , cm ∈ D. There exist
f1, . . . , fm ∈ Cn(A) with cℓ = (fℓ(a))a∈F for each ℓ ∈ {1, . . . ,m}. We conclude that
σC(h(c1), . . . , h(cm)) = σ
C(h((f1(a))a∈F ), . . . , h((fm(a))a∈F ))
= σB(ϕ(f1)(b1, . . . , bn), . . . , ϕ(fm)(b1, . . . , bn)))
= ϕ
(
σA
)
(ϕ(f1)(b1, . . . , bn), . . . , ϕ(fm)(b1, . . . , bn)))
= ϕ
(
σA(f1, . . . , fm)
)
(b1, . . . , bn)
= h
(
ψ
(
σA(f1, . . . , fm)
)
(d1, . . . , dm)
)
= h
(
σA
F
(ψ(f1)(d1, . . . , dm), . . . , ψ(fm)(d1, . . . , dm))
)
= h
(
σD(c1, . . . , cm)
)
.
Hence, h : D→ C is a homomorphism, and thus C ∈ HSPfin(A), which proves our claim. 
We conclude this section with a slight reformulation of the theorem above. Towards this
aim, we need to recall the concept of a colimit of a directed system of algebras. A directed
system of algebras is a family of algebras (Ai)i∈I of the same type indexed by a directed set
I such that Ai ≤ Aj for all i, j ∈ I with i ≤ j. If (Ai)i∈I is a directed system of algebras,
then we define its colimit to be the algebra A whose carrier set given by A :=
⋃
i∈I Ai and
whose operations are defined by
σA(a1, . . . , an) := σ
Ai(a1, . . . , an) (a1, . . . , an ∈ Ai, i ∈ I)
for any n-ary symbol of the common signature and n ≥ 0. For a class V of algebras of the
same type, we shall denote by D(V) the class of all colimits of directed systems of members of
V. Note that any algebra arises as the colimit of the directed system of its finitely generated
subalgebras. Hence, for an algebra B and a class V of algebras of the same type as A
being closed with respect to subalgebras, it is true that B ∈ D(V) if and only if every finitely
generated subalgebra ofB belongs to V. Furthermore, it is not difficult to see that DHSPfin(V)
is the smallest class of algebras containing a given class V of algebras and being closed with
respect to finite products, subalgebras, homomorphic images, and colimits of directed systems
of algebras. These observations altogether readily provide us with the following reformulation
of Theorem 3.3.
Corollary 3.4. Let A and B be algebras of the same type. The following are equivalent.
(1) The algebra B is contained in HSP(A) and the natural homomorphism from C (A)
onto C (B) is uniformly continuous.
(2) B is a member of DHSPfin(A).
4. Balanced group actions
In this section we study balanced (i.e., uniformly equicontinuous) group actions on uniform
spaces, which is supposed to serve as preparation of Section 5, but which we also regard as
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being of independent interest. To this end, consider an arbitrary action of a group G on
some uniform space X. As would seem natural, an entourage α of X is called G-invariant if
(gx, gy) ∈ α for all (x, y) ∈ α and g ∈ G. We say that the action of G on X is balanced or
that X is G-balanced if the G-invariant entourages of X constitute a uniformity base for X,
which just means that the set {x 7→ gx | g ∈ G} ⊆ XX is uniformly equicontinuous. Suppose
that X is G-balanced. We endow the quotient set X/G := {Gx | x ∈ X} with a suitable
uniform structure: for any entourage α of X, let
α/G := {(P,Q) ∈ (X/G) × (X/G) | (P ×Q) ∩ α 6= ∅}.
It is easy to check that {α/G | α entourage of X} constitutes a uniformity base on X/G, and
we equip X/G with the generated uniformity. The following observation clarifies the relation
between the introduced uniformity and the usual quotient topology.
Proposition 4.1. Consider a balanced action of a group G on a uniform space X. Then the
map πG : X → X/G, x 7→ Gx is continuous and open. In particular, the topology induced by
the uniformity on X/G is just the quotient topology generated by πG.
Proof. Evidently, πG is uniformly continuous, because α ⊆ (πG × πG)
−1(α/G) for every
entourage α of X. Hence, we are left to prove that πG is open. So, consider any open subset
U ⊆ X. We argue that πG(U) is open in X/G. Let z ∈ X with Gz = πG(z) ∈ πG(U).
Then z = gx for some x ∈ U and g ∈ G. Since X is G-balanced and U is open in X, there
exists a G-invariant symmetric entourage α in X such that Bα(x) ⊆ U . Let y ∈ X with
πG(y) ∈ Bα/G(πG(z)). Due to α being G-invariant, it follows that
y ∈ Bα(Gz) = Bα(Gx) = GBα(x) ⊆ GU
and hence πG(y) ∈ πG(U). This shows that Bα/G(πG(z)) ⊆ πG(U). Thus, πG is open. 
In the following we shall be interested in conditions asserting compactness of the considered
quotient spaces. This is mainly due to the subsequent result, which will be of particular
relevance to our considerations in Section 5.
Lemma 4.2. Let G be a group, let X and Y be G-balanced uniform spaces, and let f : X → Y
be a continuous G-equivariant map. If X/G is compact, then f is uniformly continuous.
Proof. Suppose α to be a symmetric entourage of Y . Then there exists a G-invariant sym-
metric entourage β of Y such that β ◦ β ⊆ α. As f is continuous,
U := {int(Bγ(x)) | x ∈ X, γ G-invariant sym. entourage of X, f(Bγ◦γ(x)) ⊆ Bβ(f(x))}
covers X. Since the quotient map π : X → X/G is open, π(U) is an open cover of X/G. By
compactness of X/G, there exists a finite subset F ⊆ X as well as a family (γz | z ∈ F )
of G-invariant symmetric entourages of X such that {π(Bγz (z)) | z ∈ F} covers X/G and
f(Bγz◦γz(z)) ⊆ Bβ(f(z)) for each z ∈ F . Hence,
X =
⋃
{g(int(Bγz(z))) | g ∈ G, z ∈ F} =
⋃
{int(Bγz(gz)) | g ∈ G, z ∈ F}.
Consider the symmetric entourage γ :=
⋂
{γz | z ∈ F}. We claim that (f × f)(γ) ⊆ α. To
see this, let (x, y) ∈ γ. Then there is z ∈ F as well as g ∈ G such that (x, gz) ∈ γz. Thus,
(y, gz) ∈ γz ◦ γz. We observe that
f(Bγz◦γz (gz)) = f(g(Bγz◦γz(z))) = g(f(Bγz◦γz(z)))
⊆ g(Bβ(f(z))) = Bβ(gf(z)) = Bβ(f(gz)).
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Consequently, (f(x), f(gz)) ∈ β and (f(y), f(gz)) ∈ β. It follows that (f(x), f(y)) ∈ α. This
proves that f is uniformly continuous. 
It is well known that any uniform space is compact if and only if it is both precompact
and complete. Hence, in order to establish compactness of a certain uniform space, it seems
natural to wonder about completeness first. This is the objective of our next result, which
will turn out useful in the proof of Proposition 5.5. As we shall see in Example 4.5, it is not
possible remove the countability assumption from the subsequent lemma.
Lemma 4.3. Consider a balanced action of a group G on a complete uniform space X. If X
admits a countable uniformity base, then X/G is complete.
Proof. Notice that our assumptions imply the existence of a sequence (αn)n∈N of G-invariant
symmetric entourages of X such that {αn | n ∈ N} constitutes a uniformity base for X and
that αn+1 ◦ αn+1 ⊆ αn for every n ∈ N. Let F be a Cauchy filter on X/G. For every n ∈ N,
pick an element yn ∈ X/G such that F ⊆ Bαn+1/G(yn) for some F ∈ F . Recursively, choose
a sequence (xn)n∈N ∈ X
N with πG(xn) = yn and (xn, xn+1) ∈ αn+1 for every n ∈ N. Hence,
(xn, xn+k) ∈ αn+1 ◦ . . . ◦ αn+k−1 ◦ αn+k ⊆ αn+1 ◦ . . . ◦ αn+k−3 ◦ αn+k−2 ◦ αn+k−2 ⊆ . . . ⊆ αn
for all m,k ∈ N. It follows that
H := {H ⊆ X | ∃n ∈ N : {xm | m ≥ n} ⊆ H}
is a Cauchy filter on X. As X is complete, H converges to some point x ∈ X. We argue that
F converges to πG(x) in X/G. Let U be a neighborhood of πG(x) in X/G. Then π
−1
G (U)
is a neighborhood of x in X, and thus there exists some n ∈ N with Bαn(x) ⊆ π
−1
G (U). As
(x, xn+2) ∈ αn+1 and αn+1 ◦αn+1 ⊆ αn, it follows that Bαn+1(xn+2) ⊆ Bαn(x) ⊆ π
−1
G (U) and
therefore Bαn+1/G(yn+2) ⊆ U . By choice of yn+2, there exists some F ∈ F such that
F ⊆ Bαn+3/G(yn+2) ⊆ Bαn+1/G(yn+2) ⊆ U.
This proves that F converges in X/G. 
Before we continue with some more general remarks on balanced group actions, let us
discuss a particular class of examples. Of course, any isometric group action on a metric
space constitutes a balanced action with respect to the induced uniformity. However, we
shall be interested in another source of useful examples. Consider any set Y and a group G
acting on another set X. Then the canonical action of G on XY given by
(gf)(y) := gf(y)
(
g ∈ G, f ∈ XY , y ∈ Y
)
is balanced with respect to the product uniformity XY induced by the discrete space X, since
the G-invariant entourages of the form
ker(prF ) =
{
(f, g) ∈ XY ×XY
∣∣ f |F = g|F} (F ⊆ Y finite)
constitute a uniformity base of XY . Finding tractable conditions implying compactness of
XY /G will be of particular relevance to our considerations in Section 5. Our first observation
in this regard concerns the case where Y is countable and is a mere consequence of Lemma 4.3.
Proposition 4.4. Let G be a group acting on a set X. Let Y be a countably infinite set and
let Z be a G-invariant closed subset of XY . Then Z/G is compact if and only if prF (Z)/G
is finite for every finite subset F ⊆ Y .
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Proof. (=⇒) Consider any finite subset F ⊆ Y . Clearly, prF : Z → X
F , f 7→ f |F is continuous
with respect to the discrete topology on X. Moreover, prF is equivariant with respect to the
obvious G-actions on Z and X. Hence, it induces a continuous map
p : Z/G→ XF /G, Gf 7→ GprF (f).
Since Z/G is compact, it follows that prF (Z)/G = p(Z/G) is compact and hence finite.
(⇐=) Since Z is closed in the complete space XY , it follows that Z is complete as well.
As Y is countable, Z admits a countable uniformity base. Therefore, Z/G is complete due to
Lemma 4.3. Hence, it suffices to show that Z/G is precompact. For this purpose, consider the
entourage α := {(f, g) ∈ Z | f |F = g|F } in Z with regard to some finite subset F ⊆ Y . Since
prF (Z)/G is finite by assumption, there is a finite subset E ⊆ Z so that prF (Z) = GprF (E).
Of course, this just means that Z = Bα(GE), or equivalently, Z/G = Bα/G(E/G). 
Unfortunately, the previous result cannot be extended to the uncountable setting, as the
subsequent example reveals.
Example 4.5. LetX and Y be any two infinite sets such that |X| < |Y | and letG := Sym(X).
Then XY /G is not compact, because{{
f ∈ XY
∣∣ f(x) = f(y)} ∣∣x, y ∈ Y, x 6= y}
is a cover of XY by G-invariant open subsets, which does not admit a finite subcover. It
follows that XY /H is not compact for any subgroup H of G. Moreover, XY /G is not even
complete: considering the filter
F :=
{
F ⊆ XY
∣∣ ∃E ⊆ Y finite : {f ∈ XY ∣∣ f |E injective} ⊆ F}
on XY , it is easy to check that the image filter πG(F) is a Cauchy filter on X
Y /G, but that
it does not converge in XY /G.
Proposition 4.6. Let X and Y be infinite sets such that |Y | ≤ |X|. If G is a dense subgroup
of Sym(X) (with regard to the topology of point-wise convergence), then XY /G is compact.
Proof. Notice that the set E of all equivalence relations on Y constitutes a closed subset of
the compact Hausdorff space P(Y ×Y ) ∼= 2Y×Y . Thus E is a compact Hausdorff space when
endowed with the corresponding subspace topology. Since |Y | ≤ |X|, there exists a map
ϕ : E → XY such that kerϕ(θ) = θ for every θ ∈ E. We argue that ψ := πG ◦ϕ : E → X
Y /G
is continuous. So, let θ ∈ E and let U be an open neighborhood of ψ(θ) in XY /G. Then
π−1G (U) is an open neighborhood of ϕ(θ) in X
Y , and thus there is a finite subset F ⊆ Y with
ϕ(θ) ∈ V :=
{
f ∈ XY
∣∣ f |F = ϕ(θ)|F} ⊆ π−1G (U).
Evidently, W := {θ′ ∈ E | θ′ ∩ (F × F ) = θ ∩ (F × F )} is an open neighborhood of θ in E.
We show that W ⊆ ψ−1(U). Let θ′ ∈W . Since
kerϕ(θ′) ∩ (F × F ) = θ′ ∩ (F × F ) = θ ∩ (F × F ) = kerϕ(θ) ∩ (F × F )
and G is dense in Sym(X), there exists some element g ∈ G such that ϕ(θ′)|F = gϕ(θ)|F , and
therefore ϕ(θ′) = gg−1ϕ(θ′) ∈ gV ⊆ gπ−1G (U) = π
−1
G (U), which proves our claim. Hence, ψ is
continuous, and so ψ(E) is compact. Furthermore, ψ(E) is dense in XY /G because
f ∈ Sym(X)ϕ(ker f) = Gϕ(ker f)
for every f ∈ XY . Consequently, XY /G is compact by Lemma 2.1. 
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The following modification of Example 4.5 illustrates that the argument of the previous
proof cannot be extended to oligomorphic group actions. As usual, we call an action of a
group G on a set X oligomorphic if Xn/G is finite for every n ≥ 1.
Example 4.7. Let X be any uncountable set and let θ be an equivalence relation on X
such that X/θ is countably infinite and |[x]θ| = |[y]θ| for all x, y ∈ X. We observe that
G := Aut(X, θ) is an oligomorphic subgroup of Sym(X), because
x ∈ Gy ⇐⇒ ∀i, j ∈ {1, . . . , n} : (xi = xj ⇔ yi = yj) ∧ ((xi, xj) ∈ θ ⇔ (yi, yj) ∈ θ)
for all x, y ∈ Xn and any n ≥ 1. However, XX/G is not compact, because{{
f ∈ XX
∣∣ (f(x), f(y)) ∈ θ} ∣∣ x, y ∈ X, x 6= y}
is a cover of XX by G-invariant open subsets, which does not admit a finite subcover. It is also
clear at which point our argument in the proof of Proposition 4.6 fails here: the considered
map ϕ could only be chosen for equivalence relations with index less than or equal to |X|,
which is not a closed subset of E.
Let us also mention a linear version of Proposition 4.6.
Proposition 4.8. Let V and W be infinite dimensional vector spaces over a finite field F
such that dim(W ) ≤ dim(V ). If G is a dense subgroup of Aut(V ) (with regard to the topology
of point-wise convergence), then Hom(W,V )/G is compact.
Proof. Note that the set S of all linear subspaces of W forms a closed subset of the compact
Hausdorff space P(W ) ∼= 2W . Thus S is a compact Hausdorff space when endowed with the
respective subspace topology. As dim(W ) ≤ dim(V ), there is a map ϕ : S → L := Hom(W,V )
such that Kerϕ(T ) = T for every T ∈ S. We argue that ψ := πG◦ϕ : E → L/G is continuous.
So, let T ∈ S and let U be an open neighborhood of ψ(T ) in L/G. Then π−1G (U) is an open
neighborhood of ϕ(T ) in L, and thus there exists a finite subset F ⊆W such that
ϕ(T ) ∈ V := {f ∈ L | f |F = ϕ(θ)|F } ⊆ π
−1
G (U).
Denote by Q the linear subspace of W generated by F . Since the field F is finite, Q is finite
as well and hence W := {T ′ ∈ S | T ′ ∩Q = T ∩Q} is an open neighborhood of T in S. We
show that W ⊆ ψ−1(U). Let T ′ ∈W . Since Kerϕ(T ′)∩Q = T ′ ∩Q = T ∩Q = Kerϕ(T )∩Q
and G is dense in Aut(V ), there exists some g ∈ G such that ϕ(T ′)|Q = gϕ(T )|Q, and
therefore ϕ(T ′) = gg−1ϕ(T ′) ∈ gV ⊆ gπ−1G (U) = π
−1
G (U), which proves our claim. Hence, ψ
is continuous, and so ψ(S) is compact. Furthermore, ψ(S) is dense in L/G because
f ∈ Aut(V )ϕ(Ker f) = Gϕ(ker f)
for every f ∈ L. Consequently, L/G is compact by Lemma 2.1. 
We observe that the considered quotient spaces usually lack the property of being Hausdorff.
For instance, this problem occurs in Proposition 4.6.
Example 4.9 (cf. Proposition 4.6). Let X be an infinite set. Consider the balanced action
of the group G := Sym(X) on the uniform space XX . If f : X → X is injective, but not
surjective, then evidently idX /∈ Gf , although (G,Gf) ∈ α/G for every entourage α of X
X .
Hence, XX/G is not a Hausdorff space.
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We conclude this section with an alternative description of the Hausdorff quotient (see
Section 2) for quotients of balanced group actions on uniform spaces, which is nothing but
a straightforward generalization of the construction studied in [YT13] for isometric group
actions. We start with the following observation.
Lemma 4.10. Consider a balanced action of a group G on some uniform space X. Then
X/G := {Gx | x ∈ X} is a partition of X into closed G-invariant subsets.
Proof. Let x, y ∈ X with Gx ∩ Gy 6= ∅. We show that y ∈ Gx. To this end, let α be a
G-invariant entourage of X. Since Gx ∩ Gy 6= ∅, we conclude that (Gy ×Gx) ∩ α 6= ∅. Due
to α being G-invariant, this implies that ({y} ×Gx) ∩ α 6= ∅. Thus, Bα(y) ∩ Gx 6= ∅. As X
is G-balanced, it follows that y ∈ Gx. On account of symmetry, we have x ∈ Gy as well, and
hence Gx = Gy. This proves our claim. 
We endow the quotient suggested by the previous lemma with a suitable uniform structure.
Consider a balanced action of a group G on some uniform space X. For any entourage α of
X, let
α/G := {(P,Q) ∈ (X/G) × (X/G) | (P ×Q) ∩ α 6= ∅}.
It is straightforward to check that {α/G | α entourage of X} constitutes a uniformity base
on the set X/G, and we equip X/G with the generated uniformities. The final observation
of this section, whose straightforward proof we leave to the interested reader, clarifies the
connection between the introduced quotient spaces.
Proposition 4.11. Consider a balanced action of a group G on some uniform space X. Then
ϕ : (X/G)∗ → X/G, [Gx]∼ 7→ Gx
is an isomorphism of uniform spaces. In particular, X/G is a Hausdorff space.
5. Almost locally finite algebras
For a certain class of algebras, which encompasses locally oligomorphic and locally finite
algebras, the assumption of uniform continuity in Theorem 3.3 can be weakened to Cauchy-
continuity (see Theorem 5.9). In order to explain and prove this result, we first need to
introduce some additional terminology.
Definition 5.1. Let A be an algebra. Consider the group
G (A) := {f ∈ C1(A) | ∃g ∈ C1(A) : f ◦ g = g ◦ f = idA}.
We call A almost locally finite if the quotient space Cn(A)/G (A) is compact for any n ≥ 1.
Recall that an algebra A is locally finite if every of its finitely generated subalgebras is
finite. The subsequent result justifies the terminology of Definition 5.1. For the sake of
convenience, let us agree on the following notation: for any finite list of elements a1, . . . , an
of an algebra A, we denote by 〈a1, . . . , an〉A the subalgebra of A generated by {a1, . . . , an}.
Proposition 5.2. An algebra A is locally finite if and only if Cn(A) is compact for all n ≥ 1.
Proof. (=⇒) Suppose that A is locally finite. Let n ∈ N. We observe that
Cn(A) ⊆
∏
a∈An
〈a1, . . . , an〉A ⊆ A
An .
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By Tychonoff’s theorem, the space in the middle is compact. Since the first space is closed
in the third one, it is also closed in the second one. Hence, the first space is compact itself.
(⇐=) Let a1, . . . , an ∈ A. Note that the map h : A
An → A, f 7→ f(a1, . . . , an) is continuous
with respect to the discrete topology on A and the corresponding product topology on AA
n
.
Besides, h
(
Cn(A)
)
= h(Cn(A)) = 〈a1, . . . , an〉A. Since Cn(A) is compact, we conclude that
〈a1, . . . , an〉A is compact and hence finite. 
Corollary 5.3. Every locally finite algebra is almost locally finite.
Let us point out another class of almost locally finite algebras.
Proposition 5.4. If A is an algebra and G (A) = Sym(A), then A is almost locally finite.
Proof. Without loss of generality, we may assume that A is infinite. Let G = G (A) = Sym(A)
and consider any n ≥ 1. By assumption, |An| = |A| and therefore AA
n
/G is compact by
Proposition 4.6. Since Cn(A) is a G -invariant closed subset of A
An , it follows that Cn(A)/G
is closed in AA
n
/G , and thus Cn(A)/G is compact itself. 
The next result, which follows rather immediately from Proposition 4.4, is supposed to
shed some more light on the concept of almost locally finiteness for countable algebras.
Proposition 5.5. Let A be a countable algebra and G := G (A). Then A is almost locally
finite if and only if B/G is finite for every finitely generated subalgebra B ≤ An with n ≥ 1.
Proof. (=⇒) Let n ≥ 1 and a1, . . . , am ∈ A
n. Denote by B the subalgebra of An generated
by {a1, . . . , am}. Consider the map p : Cm(A)→ A
n given by
p(f)(j) := f(a1(j), . . . , am(j))
(
f ∈ Cn(A), j ∈ {1, . . . , n}
)
.
We observe that 〈a1, . . . , am〉An = p(Cm(A)) = p(Cm(A)). Since Cm(A)/G is compact, this
readily implies that 〈a1, . . . , am〉An/G = p(Cm(A))/G is finite due to Proposition 4.4.
(⇐=) Let n ≥ 1. We utilize Proposition 4.4, according to which it suffices to show that
prF (Cn(A))/G is finite for every finite subset F ⊆ A
n. So, let F ⊆ An be finite. For each
j ∈ {1, . . . , n}, define an element bj ∈ A
F by setting bj(a) := aj whenever a ∈ F . Denote by
B the subalgebra of AF generated by {b1, . . . , bn}. Of course,
B =
{
f(b1, . . . , bn)
∣∣ f ∈ Cn (AF )} = prF (Cn(A)) = prF (Cn(A)) .
Hence, prF
(
Cn(A)
)
= B/G is finite by assumption. This completes the proof. 
Let us reformulate the result above in terms of oligomorphicity. As proposed by Bodirsky
and Pinsker [BP15], we call an algebra A locally oligomorphic if A is countable and the action
of G (A) on A is oligomorphic.
Proposition 5.6. Let A be a countable algebra and G := G (A). Then A is almost locally
finite if and only if the action of G on every finitely generated subalgebra of A is oligomorphic.
Proof. (=⇒) Consider any finitely generated subalgebra B ≤ A. For every n ≥ 1, it follows
that Bn is a finitely generated subalgebra of An, whence Bn/G is finite by Proposition 5.5.
This shows that G acts oligomorphically on B.
(⇐=) We utilize Proposition 5.5. Let n ≥ 1 and consider a finitely generated subalgebra
B ≤ An. Then there exists some finitely generated subalgebra C ≤ A such that B ≤ Cn.
By assumption, the action of G on C is oligomorphic, and thus Cn/G is finite, which readily
implies that B/G , too. By Proposition 5.5, it follows that A is almost locally finite. 
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Corollary 5.7 (cf. [BP15]). Every locally oligomorphic algebra is almost locally finite.
The observation above is interesting insofar as the only algebras being both locally finite
and locally oligomorphic are the finite ones – which is why one might think of the class
of locally finite algebras as being orthogonal to the class of locally oligomorphic algebras.
However, both classes are contained in the class of almost locally finite algebras and hence
will be covered by Lemma 5.8 and Theorem 5.9.
Lemma 5.8. Let A be an almost locally finite algebra and let B ∈ HSP(A). If the natural
homomorphism from C (A) to C (B) is Cauchy-continuous, then it is uniformly continuous.
Proof. Let n ≥ 1. Suppose that the natural homomorphism ϕ : Cn(A) → Cn(B) is Cauchy-
continuous. As Cn(B) is a complete Hausdorff uniform space, an elementary theorem from set-
theoretic topology asserts that ϕ admits a unique continuous extension ψ : Cn(A)→ Cn(B).
Since both the action of G := G (A) on Cn(A) and the one on Cn(B) are balanced and
ψ : Cn(A) → Cn(B) is G -equivariant, Lemma 4.2 states that ψ is uniformly continuous.
Hence, ϕ is uniformly continuous as well. 
Combining the lemma above with Theorem 3.3 and Corollary 3.4, we immediately obtain
our final result concerning almost locally finite algebras.
Theorem 5.9. Let A and B be two algebras of the same type. If A is almost locally finite,
then the following are equivalent.
(1) The algebra B is contained in HSP(A) and the natural homomorphism from C (A)
onto C (B) is uniformly continuous.
(2) The algebra B is contained in HSP(A) and the natural homomorphism from C (A)
onto C (B) is Cauchy-continuous.
(3) Every finitely generated subalgebra of B belongs to HSPfin(A).
(4) B is a member of DHSPfin(A).
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